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LOW-COVERAGE €€EAT OF ADSORPTION 

I1 - ALKALI METAL ATOMS ON TUNGSTEN; "NARD-JONES 

ATOM-ATOM INTERACTION THEORY 

by Harold E. Neustadter, Keung P. Luke, and Thomas Sheahan 

L e w i s  Research Center 

A comparison of experimental values  of hea t  of adsorption ( i n  the  l i m i t  of 
zero coverage) f o r  sodium, rubidium, and cesium on a tungsten subs t ra te  i s  made 
with those ca lcu la ted  from an adaptat ion of t he  Lennard-Jones atom-atom i n t e r -  
ac t ion  p o t e n t i a l  t o  adsorption. 
necessary summations f o r  t h ree  spec i f i c  s i t e s  on the  (100) and (110) planes,  
and comparisons are made with ex i s t ing  approximation methods. 

A new method i s  presented f o r  performing the  

INTRODUCTION 

Considerable i n t e r e s t  i n  a l k a l i  metal  plasma f o r  power generation and 
space propulsion has  prompted extensive s tudies  of adsorpt ion ,of a l k a l i  metals 
on var ious substrates .  A requirement f o r  an adequate theory i s  the  specif ica-  
t i o n  of t h e  hea t  of adsorpt ion i n  t h e  l i m i t  of zero coverage. This r epor t  com- 
pares  experimental values of hea t  of adsorpt ion f o r  sodium, rubidium, and ces i -  
um on a tungsten subs t ra te  i n  the  l i m i t  of zero coversge ( t a b l e  I)  t o  calcula-  
t i o n s  made with the  appl ica t ion  of t h e  Lennard-Jones in t e rac t ion -po ten t i a l  
function. The p o t e n t i a l  func t ion  parameters a r e  evaluated, and results are 
i ndi c a t  e d. 

TABU! I. - EXPERDENTAL ZERO-COVERAGE 

HEATS OF ADSORPTION 

Source 

Bosworth (ref. 1) 
Hughes (ref. 2) 
de Boer and Veenemans 

Taylor and Langmuir 

Becker (ref. 5) 

(ref. 3) 

(ref. 4) 

S o d i u m  R u b i d i u m  

Heat of adsorption, 9, ev 

-1.38 

-2.79 

-2.40 

ATOM-ATOM INTEFGACTIONS 

The use of an interatom poten- 
t i a l  i s  based on (1) es tab l i sh ing  
the  r e l a t i o n  governing the  i n t e r -  
ac t ion  between one a l k a l i  atom and 
one tungsten atom and ( 2 )  s m i n g  
t h i s  i n t e rac t ion  over a l l  atoms i n  
the  tungsten substrate .  This as- 
sumes addi t iv i ty  of t he  separate  
in t e rac t ions  and neglec ts  any ef-  
f e c t  one tungsten atom might have 



on another because of t h e  presence of the  adsorbate.  
t i o n  apparently neglec ts  t h e  meta l l ic  nature  of t he  subs t ra te ,  t h i s  model never- 
t h e l e s s  i s  appl icable  t o  adsorpt ion on a m e t a l  a t  high temperatures ( r e f s .  6 
and 7 ) .  

While t h e  second assump- 

There have been many i n t e r a c t i o n  p o t e n t i a l s  proposed (ref. 8) .  O f  p a r t i c -  
ular i n t e r e s t  i s  the  Lennard-Jones 6-12 p o t e n t i a l  

where e12 i s  the  energy a t  equilibrium, and 012 i s  ( t o  a c lose  approxima- 
t i o n )  t h e  d is tance  of c l o s e s t  approach of the  two a t 0 m s . l  
i n  appenaix A. ) 

(Symbols a r e  defined 

The i n t e r a c t i o n  energy between one adsorbed atom and the  e n t i r e  metal sub- 
s t r a t e  i s  obtained by summing equation (1) over a l l  the  atoms i n  the  metal: 

The authors  of t h i s  r epor t  have been ab le  t o  express t h i s  sum i n  a form 
t h a t  permits i t s  r igorous ca l cu la t ion  as a func t ion  of t he  d is tance  z from 
the  plane through t h e  centers  of t h e  atoms of the  outermost l aye r  of subs t ra te  
t o  the  center  of the  adsorbed atom. The use of t he  Lennard-Jones p o t e n t i a l  i n  
t h i s  manner has  the  d i s t i n c t  advantage over previous works ( re f .  9 )  of dis- 
t i gu i sh ing  between any two adsorpt ion sites and between any two exposed sub- 
s t r a t e  surfaces.  Equation ( 2 )  can be r ewr i t t en  as 

The heat  of adsorpt ion cp 
t he  system i s  i n  equilibrium. Therefore, cp i s  the  minimum value of cp(ri) 
considered as a func t ion  of z. Or, 

i s  the  bond energy of t he  adsorbed atom when 

cp = 46 (s ) 1 2  12-6 min (4) 

'Another interatom p o t e n t i a l  i s  the  angle-independent Stockmeyer po ten t i a l  
( r e f .  3) for i d e n t i c a l  p a r a l l e l  polar  molecules: 

where % i s  the  molecule dipole  moment, and a i s  i t s  po la r i zab i l i t y .  This 
would be of i n t e r e s t  i n  an extension of the  method of t h i s  sec t ion  t o  include 
the  e f f e c t s  of t he  in t e rac t ion  of neighboring adsorbed p a r t i c l e s .  
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where (S12-6)min i s  s12-6 a t  t h a t  value of z f o r  which 8(sl2-6)/az = 0. 

CALCULA.TI0NS 

as O12 The usual combining rule ( r e f .  8 )  gives 

while 
term i n  equation (1) with t h e  dispers ion force  derived by Kirkwood (ref. 10)  
and Muller ( r e f .  11) to give 

€12 i s  evaluated ( see  appendix B )  from a compazison of t he  a t t r a c t i v e  

Subs t i tu t ion  of numerical values r e s u l t s  i n  

0.093 CLA 

1 . 9 5 7 e )  + 0.393 

('12 - 6 )min 
c p =  1/ 2 ( 7 )  

The d e t a i l s  of t h e  s m a t i o n  technique employed i n  evaluating S12-6 are 

Lattice constant, 
a0 - 

0 +----yc 0 

0 L----r 0 

0 I MA + B o  

0 0 0 

0 Atom on surface layer 
0 Atom o n  second layer 

r - -1  I f Unit cell 
L - - A  

x Site for which summation 
was performed 

d? a, 
P 

0 0 . 0 .  

a o [ o  0 0 o 

0 MA,,% 0 

0 0 v ' o  0 

0 0 ,xc 0 0 

' K B  
'. 

0 0 0 . 0  

given i n  appendix C.' 
uat ions of S12-6 and (S12-6)min 
were performed f o r  th ree  s i t e s  
(A, B, and C of f ig .  1) on both 
the  (100) and (110) planes. The 
r e s u l t s  a r e  shown i n  t a b l e s  I1 
and 111. Because the  process of 
preparing and aging tungsten 
emi t te rs  transforms the  exposed 
surface i n t o  e s s e n t i a l l y  a (110) 
plane (refs. 4, 5, and E), t he  
ca lcu la t ions  involving equa- 
t i o n  ( 7 )  were done f o r  the  (110) 
plane only. Similarly,  only the  
model of an atom i n  the  center  of 

The eval-  

0 0 0 0 0 0 . 0 .  t he  un i t  c e l l ,  t he  loca t ion  t h a t  
corresponds to t h e  s i t e  of t h e  
s t rongest  bond ( s i t e  A of 
fig. 1 (b ) ) , was used in the pres- 
en t  ca lcu la t ion  of cp. That s i te  

(a1 (1001 plane. (bl (110) plane. 

Figure 1. - (100) and (1101 planes of body-centered cubic metal with lattice 
constant a,. (See appendix C. I 

'Care w a s  taken to perform the  summations i n  a general  form to make the  
r e s u l t s  appl icable  to any body-centered cubic substrate .  
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TABLE TI. - VALUES FOR EQUATIONS ( C l )  and (C2) 

[E-01, E-02, E-03, etc., denote exponents lom2, etc., re- 
spectively; E 01, E 02, E 03, etc., denote exponents of 101, 102, 
103, etc., respectively. 3 

- 
1 
2 
3 
4 
5 

6 
7 
8 
9 
10 

11 
1 2  
13 
1 4  
15 

16 
1 7  
18 
1 9  
20 

2 1  
22 
2 3  
2 4  
25  

26 
27 
28 
29 
30 

~ 

___ 
Site A 

‘6 

) . a 6 9 m  00 
. 5 a o ~  00 
.40443-00 
.2795E-00 
.1904E-00 

.12893-00 

.8764E-01 

.603lE-01 

.4226E-01 
e3023E-01 

.2210E-01 

.165lE-01 

.1259E-01 

.9788E-02 

.77383-02 

.6213E-02 

.5059E-02 

.417OE-02 

.34763-02 

.2927E-02 

.24873-02 

.2130E-02 

.15973-02 

.1396E-02 

.1227E-02 

.1085E-02 

.9636E-03 

.85953-03 

. i a 3 a ~ - o 2  

--------- 

512 

3 .  i 6 7 a ~ - o o  
.57143-01 
.2677E-01 
.127lE-01 
.57553-02 

-25063-02 
.1073E-02 
.4609E-03 
.201lE-03 
.8992E-04 

.4143E-04 

.1973E-04 

.9723E-05 

.49583-05 

.2615E-05 

.14243-05 

.8004E-06 

.46293-06 

.275lE-06 

.16773-06 

.1047E-06 

.66793-07 

.43463-07 

.1944E-07 

.13323-07 

.92663-08 

.6533E-08 

.4665E-08 

. 2 a 8 2 ~ - 0 7  

--------- 

(a) (100) plane 

Site B 

‘6 

0.19953 01 
.1426E 01 
.89673 00 
.5275E 00 
.30553-00 

.1800E-00 

.1098E-00 

.6993E-01 

.4642E-01 

.3204E-01 

.2290E-01 

.16873-01 

.1275E-01 

.986lE-02 

.77723-02 

.62303-02 

.5067E-02 

.41753-02 

.3479E-02 

.29293-02 

.24883-02 

.213lE-02 

.18393-02 

. E ~ B E - O ~  

.13973-02 

.1228E-02 

.10853-02 
.964lE-03 
-86OOE-03 
.77023-03 

s 1 2  

3.1590E 01 
.824lE 00 
.31723-00 
.1032E-00 
.31473-01 

.9592E-02 

.30353-02 

.1016E-02 

.36343-03 

.13893-03 

.5677E-04 

.2468E-04 

.11373-04 

.5523E-05 

.2813E-05 

.1496E-05 

.8267E-06 

.4728E-06 

.2789E-06 

.1692E-06 

.10523-06 

.6702E-07 

.43563-07 

.28853-07 

.19453-07 

.13323-07 

.9269E-08 

.6534E-08 

.4666E-08 

.337lE-08 
- .  

Site C 

‘6 

---------- 
----_----- 
1.21553 0 2  
.3905E 01 
.1069E 01 

.38863-00 

.174lE-00 

.9150E-01 

.54143-01 

.34953-01 

.24043-01 

.1733E-01 

.1294E-01 

.994lE-02 

.78063-02 

.62443-02 
-50733-02 
.4177E-02 
.34793-02 
.29293-02 

.24883-02 

.213X3-02 

.18393-02 

.15973-02 

.1396E-02 

.1228E-O2 

.10853-02 

.96363-03 

.85953-03 

.76983-03 

512 

.--------- 

.--------- 
).4593E 03 
.14553 0 2  
.lo003 0 1  

.1123E-00 

.17753-01 

.36153-02 

.8992E-03 

.2634E-03 

.88573-04 

.3346E-04 

.13953-04 

.6328E-05 

.30753-05 

.1584E-05 

.85783-06 

.484lE-06 

.28313-06 

.17083-06 

.10593-06 

.6726E-07 

.43653-07 

.2889E-07 

.1947E-07 

.1333E-07 

.92723-08 

.6535E-08 

.46663-08 

.33723-08 

A corresponds t o  t h e  s t rongest  bond can be seen from f i g u r e  2, i n  which, f o r  a 
given value of 
lowest ( l a r g e s t  absolu te )  value for (SIZ-G)min. 

o12/ao (for a given physical  system), pos i t i on  A y i e l d s  the  

The results of t h i s  summation method are compared with those of two 
approximate methods i n  appendix D. Both approximation techniques have the  
drawback of being unable t o  d is t inguish  between d i f f e r e n t  adsorpt ion s i tes .  

must be known t o  use equa.tion ( 7 ) ,  t he re  a re  no uniquely Although aA 
determined values f o r  t he  p o l a r i z a b i l i t y  ( see  t a b l e  I V ) .  
c a t ion  of equation ( 7 )  necessar i ly  reduces t o  a parametric study of 
funct ion of a,. The r e s u l t s  ( t a b l e  V )  show t h a t  reasonable values  of cp a r e  
obtained from equation (6) when t h e  experimental values  of 

Therefore, t he  appl i -  
cp as a 

a axe used. 
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TABLE 11. - Concluded. VALUES FOR EQUATIONS (Cl) and (C2) 

[E-01, E-02, E-03, etc., denote exponents lom1, etc., re- 
spectively; E 01, E 02, E 03, etc., denote exponents of lo1, lo2, 
103, etc., respectively. ] 

1 

1 
2 
3 
4 
5 

6 
7 
8 
9 
10 

11 
1 2  
13 
14 
15 

1 6  
1 7  
18 
1 9  
20 

2 1  
22 
2 3  
24  
25  

26 
27 
28 
29 
30 

Site A 

‘6 

).2144E 01 
.1569E 01 
.lo133 01 
.61343 00 
.36533-00 

.220lE-00 

.13573-00 

.8695E-01 

.57963-01 

.39633-01 

.28173-01 

.207lE-01 

.15433-01 

.1177E-01 

.93063-02 

.73543-02 

.5986E-02 

.4923E-02 

.40233-02 

.3398E-02 

.2888E-02 

.2404E-02 

.2103E-02 

.1800E-02 

.1555E-02 

.139lE-02 

.1206E-02 

.1060E-02 

.96503-03 --------- 

s 1 2  

1.16ll.E 01 
.e4153 00 
.3279E-00 
.1088E-00 
.34073-01 

.1072E-01 

.35193-02 

.122lE-02 

.45113-03 

.17733-03 

.7397E-04 

.3264E-04 

.15183-04 

.74083-05 

.37793-05 

.2006E-05 

.1106E-05 

.630LF-06 

.36963-06 

.22333-06 

.1382E-06 

.8735E-O7 

.5657E-07 

.372lE-07 

.2494E-07 

.1704E-07 

.1176E-07 

.8249E-08 

.5884E-08 --------- 

(b) (110) plane 

Site B 

‘6 

0.42733 01 
.2827E 01 
.1599E 01 
.e5173 00 
.45543-00 

.25X)E-00 

.148lE-00 

.91523-01 

.594LF-01 

.4030E-01 

.28383-01 

.20643-01 

.15433-01 

.118lE-01 

.92273-02 

.7334E-02 

.5919E-02 

.4%4LF-02 

.4008E-02 

.33533-02 

.2832E-02 

.24133-02 
,20723-02 
.17923-02 
.15603-02 

.1365E-02 

.1202E-02 

.10633-02 

.9456E-03 

.8442E-03 

s 1 2  

0.82333 01 
.3525E 01 
.107lE 01 
.2787E-00 
.70453-01 

.18563-01 

.527lE-02 

.16333-02 

.5532E-03 

.2038E-03 

.8120E-04 

.34693-04 

.15783-04 

.759OE-05 

.3835E-05 

.2024E-05 

. l l l lE-05 

.63163-06 

.37033-06 

.2232E-06 

.138LF-06 

.%7403-07 

.56483-07 

.372lE-07 

.24953-07 

.1700E-07 

.11763-07 

.8253E-08 
-58653-08 
.42183-08 

2ONCLUDING RFSIARKS 

‘6 

Site C 

512 
---------- _---__---- 
0.216LF 0 2  

.39543 01 

.1106E 01 

.416lE-00 

.19333-00 

.10543-00 

.63573-01 

.416lE-01 

.2900E-01 

.20663-01 

.15553-01 

.1177E-01 

.9239E-02 

.729lE-02 

.5832E-02 

.48433-02 

.39843-02 

.3352E-02 

.27933-02 

.2392E-02 

.20693-02 

.1765E-02 

.1576E-02 

.1363E-02 

.1183E-02 

.10763-02 

.92343-03 

.8294E-03 
~ 

---------- _______---  
1.45933 03 

.1455E 0 2  

.lOOLF 01 

.1127E-00 

.17963-01 

.37193-02 

.9498E-03 

.28813-03 

.1007E-03 

.39553-04 

.17063-04 

.79433-05 

.3937E-05 

.2054E-05 

.1120E-05 

.6345E-06 

.37093-06 

.22363-06 

.13803-06 

.87313-07 

.56493-07 

.3714E-07 

.2496E-07 

.1700E-07 

.11733-07 

.8258E-O% 

.58423-08 

.420lE-08 

The Lennard-Jones interatom p o t e n t i a l  can be used i n  conjunction with a 
phys ica l  model based on a d i s c r e t e  adsorption s i t e  on t h e  (110) plane of a 
per fec t  c r y s t a l  t o  obtain values of cp i n  agreement with experimental values. 
The p a r t i c u l a r  advantages of t h i s  approach l i e  i n  i t s  a b i l i t y  t o  d is t inguish  
between any two adsorpt ion s i t e s  and between any two exposed subs t ra te  SLIT- 

faces .  Because of t h i s  unique f ea tu re  it can be shown t h a t  the  i n t u i t i v e  ad- 
sorpt ion s i te  corresponding t o  the  loca t ion  of an atom i n  the  center  of t he  
u n i t  c e l l  ( s i t e  A of f i g .  l ( b ) )  i s  ac tua l ly  the pos i t ion  of t he  s t rongest  ad- 
sorpt ion bond. 

Unfortunately, t he  experimental values of cp had t o  be co l lec ted  from a 

5 



TABLF 111. - T;E"ARD-JONES INTERACTION ENERGY SUMMATION AND 

NOFMALIZED EQUILIBRIUM DISTANCE FOR ADSORPTION ON 

BODY-CENTERED CUBIC SUBSTRATE 

( a )  (100) p l a n e  

Reduced 
Lennard- 
Jones pa- 
rameter, 

U12l"o 

0.600 
.642 
.683  
.725 
.767 

.808 

.850 

.892 

.933  

.975 

1 .017  
1.058 
1.100 
1.142 
1.183 

1.225 
1.267 
1.308 
1.350 
1.392 

1 .433  
1 . 4 7 5  
1 .517  
1.558 
1.600 

S i t e  A 

~ 

0.880 
.954 

1.032 
1 .121  
1 .204  

1.309 
1 . 4 1 1  
1.545 
1.680 
1 .826  

1 .964  
2.130 
2.300 
2.508 
2.734 

2.964 
3.206 
3.451 
3.699 
3.965 

4.254 
4.611 
4.995 
5.355 
5.701 

2min 

4.257 
4.912 
5.509 
6.068 
6.620 

7.149 
7. 687 
8.181 
8 .644  
9.093 

9.559 
0.03 
0.51 
0.98 
1.39 

1 .79  
2.18 
2.57 
2.97 
3.40 

4.00 
4.40 
4. 68 
5.10 
5.37 

S i t e  B 

: %2- 6 )mir 

0.733 
.789 
. 8 7 1  
.944 

1.046 

1.139 
1.262 
1.379 
1 .523  
1 .665  

1.832 
2.014 
2.193 
2.399 
2.608 

2.844 
3.089 
3.342 
3.621 
3.908 

4.222 
4.550 
4.881 
5 .243  
5 .613  

2min 

5.065 
5.639 
6.166 
6.693 
7.176 

7.666 
8 .126  
8.581 
9.032 
9.455 

9.903 
.o. 30 
.o. 74 
l.15 
l . 5 6  

l . 9 7  
.2.36 
.2.78 
.3.17 
.3.57 

.3.97 

.4.35 
4.75 
5 .14  
5.52 

S i t e  C 

' %2-6 )mi 

0.429 
.513 
.566 
.659 
. 7 7 1  

.853 

.982 
1 .125  
1.250 
1 .429  

1 . 6 1 1  
1.802 
2.003 
2.171 
2.410 

2.677 
2.958 
3.235 
3.509 
3 .773  

4.103 
4.453 
4.811 
5.181 
5.568 

b i n  

6.746 
7.145 
7.506 
7.935 
8.267 

8 .675  
9.055 
9.380 
9.835 

.O. 18 

-0.50 
.O. 8 2  
-1.15 
1.57 
.2.02 

.2.37 

.2.66 

.2.97 

.3. 30 
3.78 

4.18 
4.54 
4.87 
5.20 
5.50 

variety of experimental techniques and laboratory conditions of numerous 
workers. It must also be recognized that except f o r  cesium adsorption there is 
only one reported value for each system. The results of this study must neces- 
sarily be considered within the framework of these limitations. 

Lewis Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio, June 1, 1964 
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TABLE 111. - Concluded. LEJXNARD-JONES INTERACTION ENERGY SUMMATION 

AND NORMALIZEO EQJJILIBRIUM DISTANCE FOR ADSORPTION 

ON BODY-CENTEGD CUBIC SUBSTRCLTE 

(b) (110) plane 

S i t e  

:%2-6)min 

1.273 
1.451 
1.517 
1.531 
1.551 

1.590 
1.652 
1.728 
1.819 
1.924 

2.040 
2.174 
2.317 
2.480 
2.651 

2.844 
3.046 
3.269 
3.508 
3.757 

4.032 
4.315 
4.625 
4.945 
5.293 

Reduced 
Lennard- 
Jones pa- 
rameter, 
012k 

0.600 
.642 
.683 
.725 
.767 

.808 

.850 

.891 

.933 

.975 

1.017 
1.058 
1.100 
1.142 
1.183 

1.225 
1.267 
1.338 
1.350 
1.392 

1.433 
1.475 
1.517 
1.558 
1.600 

A 
~ 

2min 

1.557 
2.039 
2.699 
3.579 
4.491 

5.306 
6.029 
6.702 
7.328 
7.925 

8.490 
9.037 
9.563 
10.07 
10.56 

11.05 
11.52 
11.98 
12.42 
12.88 

13.31 
13.74 
14.16 
14.58 
14.99 

~ 

S i t e  B 

:‘12-6)min 

0.6891 
.7368 
.7888 
.a572 
.9267 

1.016 
.lo5 
.217 
.328 
.463 

1.599 
1.759 
1.922 
2.107 
2.338 

2.511 
2.740 
2.975 
3.233 
3.509 

3.792 
4.100 
4.420 
4.765 
5.132 

2min 

4.374 
5.031 
5.648 
6.211 
6.767 

7.270 
7.786 
8.252 
8.736 
9.182 

9.633 
L0.06 
LO. 48 
LO. 91 
Ll. 31 

11.74 
L2.13 
12.53 
12.93 
13.32 

13.72 
14.10 
14.48 
14.87 
15.24 

S i t e  C 

: ‘12- 6 ),,,in 

0.3693 
.4346 
.4656 
.5386 
.6257 

.6864 

.7908 

.e841 
1.007 
1.146 

1.280 
1.445 
1.627 
1.802 
2.011 

2.233 
2.462 
2.719 
2.991 
3.267 

3.574 
3.888 
4.225 
4.580 
4.947 

Zmin 

6.791 
7.184 
7.590 
8.022 
8.351 

8.807 
9.170 
9.541 
9.933 

LO. 26 

LO. 64 
11.00 
11.33 
11.70 
12.05 

12.37 
12.74 
13.09 
13.41 
12.78 

14.12 
14.46 
14.82 
15.16 
15.51 
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TABLE IV. - ELECTRONIC POLARIZABILITY 

Sodium 

Adsorbed 
atom 

Rubidium Cesium I 

Sodium 

Rubidium 

Cesium 

Source I 

Salop, Pollack, and 
Bedesson (ref. 13) 

Chamberlain and Zorn 
( r e f s .  14 and 15)  

Sternheimer ( r e f .  16)  

TABLE V. 

Equation 
from which 

in te rac t ion  
€12 energy 
i s  evaluate( 

Electronic  polar izabi l i ty ,  
a, A3 

20f2.5 

21.5f2 

22.9 

40f5 

38+4 

49.1 

52.5f6.5 

48f6  

67.7 

CALCULATIONS FROM EQUATION ( 6 ) "  

Reduced 
Lennard- 
Jones pa- 
rameter, 

0 1 2 b O  

0.935 

1.071 

1 
1.112 

1 .112  

1 .112  

aEq. (6 )  i s  eq. ( 4 )  with 4E12(01; 
bSee t a b l e  I. 
'See t ab le  I V .  

Heat of 
sdsorpt ion, 

cpt 
ev 

(b  1 

-1.38 

-2.6 

-2.4 

-3.0 

-2 .4 

-3.0 

-2.4 

-3.0 

Electronic  polariza- 
b i l i t y ,  a, A3 

Calcu- 
l a t e d  

{: F: 54 

165 

210 

>200 

>200 

50 

66 

~ 

~ 

~ 

From l i t e r -  
a ture  

( c )  

17.5 t o  23 

34 t o  50 

42 t o  68 

j evaluated from eq. (B3). 

8 



APPENDIX A 

“0 

c6 

C 

d 

E 

*L- J 
e 

I 

2 

m0 

N 

n 

P 

R 

r 

r 
i 

‘ 6  

‘12 

SYMBOLS 

adsorption s i t e s  of f i g .  1 

l a t t i c e  constant 

defined by eq. (B4)  

speed of l ight  

dis tance between planes i n  subs t ra te  mater ia l  

atom-atom a t t r a c t i v e  in t e rac t ion  energy 

Lennard-Jones in t e rac t ion  po ten t i a l  funct ion 

e lec t ron  charge 

Mil ler  indices ,  e.g. ,  (loo), (110) 

Plank’s  constant divided by 2n 

ion iza t ion  po ten t i a l  

defined by eq. ( C 3 )  

defined by eq. (C14) 

d “ y  ind ices  

molecule dipole  moment 

atomic volume densi ty  

number of e lec t rons  i n  atom 

spec i f i c  adsorption site, e.g., s i te  A, B, or C of f i g .  1 

distance from metal surface t o  nucleus of adsorbed atom 

interatom dis tance 

dis tance from adsorbed atom t o  i th subs t ra te  atom 

defined by eq. ( C l )  

defined by eq. ( C 2 )  

9 
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‘12- 6 defined by eq. (C13) 

(S12-6)min defined by eq. (C15) 

Z normal d is tance  from subs t ra te  t o  adsorbed atom 

a e l ec t ron ic  p o l a r i z a b i l i t y  

t o t a l  i n t e r a c t i o n  energy between atoms 1 and 2 a t  equilibrium 

defined by eqs. (C7) ,  ( C 9 ) ,  and (Cll), respec t ive ly  

E l 2  

AO’A,, A2 

e lec t ron  rest mass 

atomic surface dens i ty  

Lennard-Jones parameter of eq. (1) r e l a t e d  t o  s i zes  of atoms 1 
and 2 O12 

defined by eq. ( l a )  

hea t  of adsorpt ion i n  l i m i t  of zero coverage cp 

d.i) energy of i n t e r a c t i o n  between atom and metal as funct ion of d i s -  
tance between them 

X diamagnetic s u s c e p t i b i l i t y  

(X) 

Sub sc r i p t  s : 

t h i r d  de r iva t ive  of the  Reimnn-Zeta funct ion 

A adsorbed atom 

M subs t ra te  m e t a l  

min minimum 
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APPENDIX B 

EVALUATION OF TOTAL INTEBACTION ENERGY BETWEEN TWO ATOMS 

The forces  between atoms can be divided i n t o  a t t r a c t i v e  and repuls ive com- 
ponents. The a t t r a c t i v e  fo rce  i s  long range and a r i s e s  from t he  in t e rac t ion  of 
t he  instantaneous d i s t r i b u t i o n s  of t h e  charges of t he  two neu t r a l  atoms 
( r e f .  8) .  
d i s t r i b u t i o n  of each neu t r a l  atom i n  a multipole expansion and r e t a in ing  only 
the leading, or dipole-dipole,  term. This po ten t i a l  i s  then used i n  a quantum- 
mechanical v a r i a t i o n  procedure t o  obta in  an expression f o r  energy. London 
( r e f .  1 7 )  derived such an expression, 

It i s  der ivable  from an in t e rac t ion  p o t e n t i a l  by expanding the  charge 

His result w a s  followed by  those of S l a t e r  and Kirkwood ,(ref. 18), 

- 3e-K a ~ a ~  
E = -  l/ 2 l/ 2 

2fi6(:) +(:) 
and of Kirkwood ( r e f .  10) and Muller ( r e f .  ll.), 

Equations ( B l )  t o  ( B 3 )  are of t he  form 

E = -  c6 
6 r 

where 
This form i s  t h e  same as t h e  a t t r a c t i v e  par t  of equation (1) with 4E12(~I12)~  
replaced by 'c6' Thus, q2 w a s  evaluated from each of equations ( B l )  t o  ( B 3 )  
i n  turn.  Calculat ions of CL from equation ( 4 )  were then made i n  every case. 
Only ca l cu la t ions  based on the  Kirkwood-Muller formula (eq. ( B 3 ) )  y ie lded r e -  
sults i n  agreement with experimental da ta  ( t a b l e  v). This i s  cons is ten t  with 
the  r e s u l t s  of o ther  s tud ie s  (refs. 19 and 20) .  

C6 i s  a func t ion  of t he  atomic proper t ies  of t h e  cons t i tuent  atoms. 
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APPENDIX C 

SUMMATIONS ADD RELATED WORK FOR APPLICATION OF LE--JONES 

INTERATOM P0"TIAL TO ADSORPTION 

An atom i s  a t  a d is tance  z above a poin t  P on t h e  ( h k Z )  plane of a 
body-centered cubic c r y s t a l  of l a t t i c e  constant ao. The interatomic d is tance  
between t h i s  atom and the  ith c r y s t a l  atom is denoted by ri. It i s  desired 
t o  perform the  following two summations f o r  the  (100) and (110) c r y s t a l  planes 
over the  po in t s  A, B, and C ( f i g .  1): 

i=l 

The o r ig in  of z i s  on the  plane passing through the  centers  of t he  outer-  
most layer  of t he  c r y s t a l  atoms, and z i s  divided i n t o  u n i t s  of ao/10 so 
t h a t  

2 = 0,1,2, . . . (c3) Z = -  l o  a. 

S6(100,A, 2 )  = 4 

p=O, m = l ,  n=1, P=l ,  
p=even m=odd n=odd p=odd 

S6(100,B, 2 )  = 

P=O, 
p=even 

m=O, n=2 
m=even n=even 

1 
W 

n = l ,  
n=odd 

r 

m 

m=Z , 
m=even 

-6 
(A0 

m I 

J n = l ,  
n=odd 

m=l, n=2, 
m=odd n=even 

1 2  



S6(1o0,C, 2 )  = 4 

p=l, m = l ,  n=l, n=O, n=2, 
p=odd m=odd n=odd p=even n=even n=even 

(C6) 

where 

r 1 

where 

cc c s 6 ( 1 1 0 , ~ , 2 )  = z 

p = O  m=l, n=l, 
m=odd n=odd 

where 

2 
A 2 = 2 ( g 2 + p y  +&+S 4 2 

and 
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The corresponding formulas f o r  S12 
t h e  sums (C3) to (C12) from 6 to 12.  
t a b l e  I1 (pp. 4 and 5).  

a r e  obtained by changing the  exponents i n  
Resul t s  of these  summations are given i n  

The Lennard-Jones 6-12 p o t e n t i a l ,  when appl ied to adsorption, involves 
both of these  summations i n  t h e  spec i f ic  form 

I 
- '61 (hk2)  J p J  l1) (c13) 

A t  equi l ibr ium the  adsorbed atom i s  located a t  ZminJ which i s  t h a t  value 
of 2 f o r  which S12-6 i s  a minimum. Mathematically Zmin i s  defined by 

and 

For each value of al2/aO the re  i s  one corresponding value 2 = Zmin for 
which s12-6 = (S12-6)min* 

14  



Plo t s  of (S12 G)min against  u12/ao f o r  t h e  s i x  cases of f igu re  1 (p. 3)  
a r e  shown i n  f igu re  2. The corresponding values a r e  l i s t e d  i n  t a b l e  I11 (pp. 6 
and 7) .  

e 

1.6 

i 
I l l  

Site 

A 

B 

C 

-____  

/ 

/ 
, 

/ / 
/ 

/ 

/ 
, 

- 
3 

L .', 
/ 

0 

. 
I 

< , 
/ /= , 

/ 

I 
1.6 .6  . 8  1.0 1.2 1.4 

Ratio of Lennard-Jones parameter to lattice constant, ol$ao 

(a) (100) plane. (b) (110) plane. 

Figure 2 - Reduced Interaction energy minimum (eq. (C13)) for body-centered cubic metals as function of reduced 
Lennard-Jones interatom parameter. (See fig. 1 and sppendix C. ) 
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APPENDIX D 

COMPARISON OF SUMMATION TECHNIQUE WITH APPROXIMATION METHODS 

'Figure 3 compares the results 

I I I l l  
Method of 
evaluation 
Crowell 

Direct sum- 
mation 

Polanyi 

Site B 
Site C 

of the following three methods of evaluating 

for the (110) plane: 22 i 

(1) Polanyi's integral approximation 
(ref. 21). This method takes the nature 
of the substrate into account through the 
inclusion of €4, the atomic density; how- 
ever, it is insensitive to different ex- 
posed surfaces and to variations in the 
adsorbed-particle location. 

(2) Crowell's integration-summation 
method (ref. 22). The crystal lattice is 
approximated by a set of planes in which 
the Lattice atoms are distributed with 
uniform density CJ. The sum is then re- 
placed by an integration over each plane 
and a summation of the separate planes. 
This has the advantage of distinguishing 
between different exposed surfaces; how- 
ever, it does not distinguish between dif- 
ferent adsorption sites. 

(3) The direct summation method (ap- 
pendix C). This approximation considers 
the exposed surface and the location of 
the adsorbed site. 

The final expressions for each ap- 
proximation are as follows: 

1 2 4 
Ratio of distance from surface to one- 

half lattice constant, ZhdB 
Figure 3. -Three methods of evaluating summation indi- 

cated in  equation (C1) plotted against reduced distance 
from surface for plane (110). (See appendix D.) 

Polanyi : 

Cr owell : 
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Direct  summation : r 

n=l, m=l,  n=l,  
n=odd (mt-n=odd) 

where (5 i s  the  surface dens i ty  of the subs t ra te  
tween planes i n  the  subs t ra te  material ,  and $ ( 3 )  

n=2 
n=even 

atoms, d 
x) i s  the  

i s  the  dis tance be- 
t h i r d  der iva t ive  of 

t h e  Reimann-Zeta function. Equation ( C 9 )  gives hl. 

general ly  too smaU by about 50 percent. 
good, bu t  it lacks  a b i l i t y  t o  d is t inguish  between d i f f e r e n t  adsorption si tes on 
t h e  subs t ra te  surface. 

Results i n  f i g u r e  3 show t h a t  t h e  Polanyi method gives  values t h a t  a r e  
The Crowell approximation i s  very 
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